Abstract. The contribution of physical degrees of freedom to the one-loop amplitudes of Euclidean supergravity is here evaluated in the case of flat Euclidean backgrounds bounded by a three-sphere, recently considered in perturbative quantum cosmology. In Euclidean supergravity, the spin- 1
can thus apply again a zeta-function technique previously used for massless spin- 1 2 fields.
Introduction
The problem of one-loop finiteness of supergravity theories in the presence of boundaries is still receiving careful consideration in the current literature. 1−10 As emphasized in Refs.
9,11-12, one can perform one-loop calculations paying attention to: (1) S-matrix elements;
(2) topological invariants; (3) presence of boundaries. For example, in the case of pure gravity with vanishing cosmological constant: Λ = 0, it is known that one-loop on-shell S-matrix elements are finite. This property is shared by N = 1 supergravity when Λ = 0, and in that theory two-loop on-shell finiteness also holds. However, when Λ = 0, both pure gravity and N = 1 supergravity are no longer one-loop finite in the sense (1) and (2), because the non-vanishing on-shell one-loop counterterm 11 is given by
In equation (1.1), ǫ = n − 4 is the dimensional-regularization parameter, χ is the Euler number, S is the classical on-shell action, and one finds : for N = 1 supergravity. Thus, B = 0 is responsible for lack of S-matrix one-loop finiteness, and A = 0 does not yield topological one-loop finiteness.
If any theory of quantum gravity can be studied from a perturbative point of view, boundary effects play a key role in understanding whether it has interesting and useful finiteness properties. It is therefore necessary to analyze in detail the structure of the oneloop boundary counterterms for fields of various spins. This problem has been recently studied within the framework of one-loop quantum cosmology, where the boundary is usually taken to be a three-sphere, and the background is flat Euclidean space or a de Sitter four-sphere or a more general curved four-geometry.
2−10
Our paper describes one-loop properties of spin-3 2 fields to present a calculation which was previously studied in research books 5, 9 but not in physics journals (see, however, remarks at the end of Ref. 10). In the Euclidean-time regime, the spin- 
and the linearized supersymmetry constraints, the expansion of ψ 
With our notation, τ is the radial distance from the origin in flat Euclidean four-space, the matrix α Moreover, one has 4,9 β Sec. 2 studies locally supersymmetric boundary conditions on S 3 for the spin- In Euclidean supergravity, the mathematical description of the gravitino leads to the introduction of the independent spinor-valued one-forms ψ and that after adding a suitable boundary term, the supergravity action is invariant under these local supersymmetry transformations.
Local Boundary Conditions for the Spin-
√ 2 e n A ′ A ψ A i = ǫ ψ A ′ i ,(2.
3,9
Indeed, from Sec. 1 we already know that, imposing the supersymmetry constraints and choosing the gauge condition (1.2), the spin- 13. This is achieved by using the relations
and the expansion of the totally symmetric field strength
Thus, we can express the a np coefficients in two equivalent ways using (2.4), and (2.2) or (2.3). The equality of the two resulting formulae leads to
which is finally cast in the form
In a similar way, we obtain
The form of the matrices A pq n and H pq n is obtained taking the complex conjugate of (2.6),
and then inserting the form of ρ np DEF so obtained into the right-hand side of (2.6). This yields the consistency condition
which is solved by A
We can now remark that (1.3)-(1.4) and (2.1) imply
This is why Eqs. (2.6)-(2.7), (2.9)-(2.10) and the formulae for A −1 n H n lead to the boundary
Since the ρ-and σ-harmonics on the bounding three-sphere of radius a are linearly independent, the typical case of the indices p, q = 1, 2 yields
If we now set κ n ≡ n + 5 2 and define, ∀n ≥ 0, the operators
the coupled eigenvalue equations take, in light of the mode-by-mode expansion of the action integral, 4,9 the form
20)
.
(2.26)
We now define ∀n ≥ 0 the differential operators
Eqs. (2.19)-(2.22) lead to the following second-order equations, ∀n ≥ 0:
29)
The solutions of (2.29)-(2.30) regular at the origin are
31)
32) 
37)
38)
39)
40)
41) EaJ n+2 (Ea) − (n + 2)J n+2 (Ea) = −EaJ n+3 (Ea) , (2.43)
one finds
which implies (since ǫ = ±1)
where we set a = 1 for simplicity.
Physical-Degrees-of-Freedom Contribution to ζ(0)
The eigenvalue condition (2.46) is very similar to the formula found in Refs. 3,9 for spin
= 0, ∀n ≥ 0. Thus, the same technique can be now applied to derive the PDF contribution to ζ(0) in the case of gravitinos. As we know from Refs.
4,9, the completely symmetric harmonics have degeneracy d(n) = (n + 4)(n + 1), ∀n ≥ 0. This is the full degeneracy in the case of local boundary conditions (2.1), since we need twice as many modes to get the same number of eigenvalue conditions as in the spectral case. 3−4,9 The ζ(0) calculation is now performed using ideas first described in Ref. 15 , and then used in Refs. 3,9. Given the zeta-function at large x ζ(s,
where λ j = E 2 are the squared eigenvalues of the Dirac operator in our case, 3,9 one has in four dimensions
where we have used the asymptotic expansion 9 of the heat kernel for T → 0
On the other hand, defining m ≡ n + 3, we find α m (x) ≡ m 2 + x 2 , (3.5)
10)
One can thus obtain ζ(0) = C 4 as half the coefficient of x −6 in the asymptotic expansion of the right-hand side of (3.4), by comparison of (3.2) and (3.4), and bearing in mind that 3,9
14)
The PDF ζ(0) value for spin 3 2 is thus given by the spin- 1 2x
The insertion of (3.17) into (3.16) yields 3,9,15 1 2x
This further identity leads to divergences in the calculation, but these are only fictitious in light of (3.16). Such fictitious divergences are regularized dividing by α 2s m , summing using the contour formulae 3,9,15
where B r are Bernoulli numbers, and then taking the limit s → 0.
3,9,15
Indeed, from (3.11) we find
which does not contain x −6 and hence does not contribute to ζ(0). However, (3.18) and
where
27)
28)
Note that only β 1 and β 5 contribute to ζ(0). This is proved using (3.19)-(3.20) and the Euler-Maclaurin formula. According to this algorithm, if f is a real-or complex-valued function defined on 0 ≤ t ≤ ∞, and if f (2m) (t) is absolutely integrable on (0, ∞) then, for u = 1, 2, ...
where the remainder R m satisfies the inequality
The asymptotic expansion (3.20) implies that β 1 gives the contribution
and the Euler-Maclaurin formula shows that β 5 contributes
By virtue of (3.13), (3.8) and (3.11), we also find that
Thus, using (3.19) and (3.13), we derive the following contribution to ζ(0): Moreover, the whole of Z 2 (cf (3.12)) does not affect ζ(0). In fact one finds 
Concluding Remarks
The calculation appearing in our paper was not performed explicitly in Refs. 5,10, and was only available in Ref. 9 . We have therefore tried to present it in a self-contained way in this journal, to make it accessible to a wider audience. Interestingly, if the gauge constraints (1.2) and supersymmetry constraints are imposed before quantization, the PDF value is found to be ζ . In this case the difference with respect to the PDF value (3.54)
is substantial, at least because the signs are opposite. However, one should bear in mind that the discrepancy found in Ref.
3 for the spin- result also affects the spin- Euclidean four-space, since the existence of a cosmological constant is incompatible with a flat background geometry. 9 However, we hope that the calculations in our paper (see also Ref. 10) can be used as a first step towards a mode-by-mode perturbative analysis in the presence of curved backgrounds, at least in the limit of small boundary three-geometry.
9,17
A further interesting question, arising from the work in Refs. 9,18-19, is whether local boundary conditions involving field strengths rather than potentials can be used for spin
